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Abstract 



. We consider sums of powers of Fibonacci and Lucas polynomials of the form 5^n=o ^tsn ( x ) an d 

X^n=o Ltsn (x), where s,t,k are given natural numbers, together with the corresponding alternating 
sums Ysn=o Ftsn ( x ) arm 5Z*=o ( — -0™ Ltsn ( x ) ■ We give necessary and sufficient conditions on the 

parameters s,t,k for express these sums as linear combinations of the s- Fibopolynomials ( 9 ^ fe m ) F , x y 
m — 1, 2, . . . , tk. We also obtain as corollaries some results of this kind for sums of powers of Gibonacci 
polynomials YZ=o G t n (x). 



1 Introduction 

>: 

fT) , We use N for the natural numbers and N' for NU {0}. Throughout this work, s,t and k will denote natural 

numbers. We will use also the abreviations: 'e' for even, 'o' for odd, 'ei' for even = 2 mod 4 and 'e 2 ' for even 
= 0mod4. 

We use the standard notation F n (x) and L n (x) for the sequences of Fibonacci and Lucas polynomials, 
defined by the recurrences (for n E N) F n+2 (x) — xF„_i (x) + F n (x), F Q (x) — 0, F\ (x) — 1, and L n+2 (x) — 
xL n -i (x)+L n (x), Lq (x) = 2, L\ (x) = x, respectively, and extended to n € Z as F_ n (x) = (—1) " +1 F n (x) 
and L-n(x) = (—1) ™ L n {x). For neN, polynomials F„ (a;) and L„ (x) are monic, with degF n (x) = n — 1 
and degL„ (a;) = n. Plainly we have i 7 ^ (1) = F n and L n (1) = L n , the Fibonacci and Lucas number 
sequences. For positive indices, the first Fibonacci polynomials are F 2 (x) = x, F3 (x) = x 2 + 1, F4 (x) = 
^ ' x 3 + 2x, F5 (x) = x 4 + 3x 2 + 1,. . . , and the first Lucas polynomials are L 2 (x) = x 2 + 2, L3 (x) — x 3 + 3x, 

L4 (x) — x 4 + Ax 2 + 2, L 5 (x) — x 5 + 5x 3 + 5x, The basic facts we will use on Fibonacci and Lucas 

numbers and polynomials, are contained in the popular references [3] and 
We will be using extensively Binet's formulas (without further comments): 

F n {x) = ^=={a n {x)-p n {x)) and L n (x) = a n (x) + /3" (x) , (1) 
+ 4 

where 

a ( x ) = 2 { x + and (3 (x) = - (x - \J x 2 + 4) , (2) 

together with the basic relations between a (x) and /3 (x), namely a (x) + /? (x) = x and a (x) /3 (x)) = — 1. 

We will consider also the Generalized Fibonacci (Gibonacci) polynomial sequences G„ (x), defined by the 
recurrence G„+2 (x) = xG„_i (x) + G n (x), with arbitrary initial conditions Go (x) and Gi (x). It is easy to 
see that 

G n (x) = Go (x) F„_r (x) + d (x) F n (x) . (3) 
Moreover, for any given r\ G Z, we have the Binet's formula 
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G n+n (x) = __ (ci (x) a n (x) - c 2 (x) (i n (x)) , (4) 
V£ + 4 

where a (x) = (Gi (x) a (x) + G (x)) a^ 1 (x) and c 2 (a;) = (d (x) f3 (x) + G (x)) P^ 1 (x). Plainly, the 
particular cases Go (x) = 0, G\ (x) = 1, and Go (x) = 2, Gi (x) = x, correspond to the Fibonacci and Lucas 
cases, respectively. 

We give now a short list of identities involving Fibonacci and Lucas polynomials, to be used (with no 
additional comments) in the proofs of the results presented in this work, and in simplifications of some of 
the given examples: 

For peNwe have 

F(2p-l)s (x) 



Fs(x) 



^(-^^(p-fe-D.W-C-l)^- 1 '. (5) 



k=0 



F s 0) 



= ^2(~ 1 Y k L(2p-2k-l)s{x) ■ (6) 



(The proofs of (|5|) and © are easy exercises — by using Binet's formulas — , left to the reader.) Some 
particular cases of these identities are the following 

F 2s (x) 

'" ' A =L 2s (x) + (-l) s = L 2 s (x)-(-iy. (8) 



F s {x) 

= L 3s (x) + (-I f L s (x) = L s (x) (L 2 S (x) 2 (-l) s ) . (9) 



f^T = L ^ & + L ^ W + 1 = L t (*> V) ~ 3 ("!)' L 2 S (x) + 1. 

F s (x) 



(10) 



For a, b,c,d,r € Z such that a + b = c + d, we have the so-called "index-reduction formula" : 

F a (x) F b (x) - F c (x) F d (x) = (-l) r (F Q _ r (x) F b . r {x) - F c _ r (x) F d „ r (x)) . (11) 

(See [2J, where the case a; = 1 is discussed.) A popular version of (fTTj) is obtained by setting a = M, 
b = N,c = M + K,d = r = N-K, where M, N,K eZ. That is 

F M (x) Fjv (x) - F M+Jf (x) Fat_ k (z) = (-1)""* Fm+^-jv (x) F K {x) . (12) 

For a given Fibonacci polynomial sequence F n (x) = (Fq (x) ,F\ (x) ,F 2 (x) ,...), the s-Fibonacci poly- 
nomial sequence F sn (x) is F sn (x) = (Fq (x) ,F a (x) ,F 2s (x) ,...), and the s-Fibonacci polynomial facto- 
rial of F sn (x), denoted by (F n (x)l) s , is (F n (x)\) s = F sn (x) .F 8 ( n _i) (x) ■ ■ ■ F s (x). Given n E N' and 
G {0,1,..., n}, the s- Fibopolynomial (or s-Fibopolynomial coefhcient), denoted by Q) F is defined 

by CoW) = O^w - and 

rA (F n (x)!) s 
*^. ( .)~W*)0.(^* (*)!).' fc - 1 ' 2 '-'-' n 

That is, for k £ {1, 2, . . . , n — 1} we have that 

n\ __ F sn (x) F s(ra _i) (x) ■ ■ ■ F s{n _ k+1) (x) 

k) Fb{x) ~ F s (x) F 2s (x) ■ ■ ■ F ks (x) ■ { ' 
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(These objects were already used in [5], where we called them "s-polyfibonomials" . However, we think 
now that "s-Fibopolynomials" is a better name to describe them.) 
Clearly we have symmetry for s-Fibopolynomials 



I = I n ) (15) 

F 3 {x) \ n ~ F s (x) 

We can use the identity 

F 8 (n-k)+l ( x ) F sk ( x ) + F sk-i (x) F s(n _ k) (x) = F sn (x) , 

(which comes from (fT2"]l with M — sn, N = 1 and K = —sk + 1), to conclude that 

n\ , v (n — 1\ , , (n — 1\ , 

J =*■,(«-*)+! (aOL + F sfc _ 1 (:r) . (16) 

Formula (|16|) . together with a simple induction argument, shows that s-Fibopolynomials are indeed 
polynomials (with deg F , . = sk(n — k)). The case s = x = 1 corresponds to Fibonomials (^) F , 

introduced by V. E. Hoggatt, Jr. [1] in 1967, and the case x = 1 corresponds to s-Fibonomials (£) F , first 
mentioned also in [I], and studied recently in |S]. 

Some examples of s-Fibopolynomials (2) p( x ) f° r s — 1 an d s = 2 are the following (as triangular arrays, 
where n stands for lines and k for columns). For s = 1 we have 

l 

l l 

lxl 

1 x 2 + l x 2 + l 1 

1 x 3 +2x x 4 +3x 2 +2 x 3 +2x 1 

x^* 4 z 6 +5x 4 
1 a^+fc^+l +7x 2 +2 +7x 2 +2 :r 4 +3:ir + l 1 



For s = 2 we have 



1 x z +2 1 

x i +Ax 2 +3 x 4 +4x 2 +3 

x 6 +6x i x 8 +8x 6 +21x' 1 x 6 +6x i 

+ 10x 2 +20x 2 +6 +10x 2 

+4 +4 

„!0 



x°+8a; D +21 ; r'' x 12 + 12z lu x^ + 12x LV x° +8x° +21x* 

+2te 2 +5 +55x 8 + 120x 6 +55x s + 120x 6 +20x 2 +5 

+ 127x 4 +60a: 2 + 127z 4 +60x 2 

+10 +10 



The well-known identity 

l 2 + l 2 + 2 2 + 3 2 + 5 2 + 8 2 + • • ■ + F 2 = FgFg+i, 

which can be written as 



n=0 
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was the initial motivation for this work. We will see that (|17[) is just a particular case of the following general 
polynomial identities f in section!?]) 

(-l) (s+1)<? L s (x) J2 M) (s+1) " Fl n (x) = (-ir F s (x) J2 MP F 2sn (x) = F s{q+1) (x) F sq (x) . 

n=0 n=0 

In this work we obtain necessary and sufficient conditions for the polynomial sums E«=o ^tsn ( x ) > 
ELo L tsn O)* ELo F Ar, ( x ) and ELo L tsn ( x ) > where *» s are S iven natural numbers, can 

be expressed as linear combinations of the s-Fibopolynomials (LaTOf ^ } TO = 1, 2, . . . , tk. (There are cer- 
tainly lots of works pursuing closed formulas for sums of powers of Fibonacci and Lucas sequences: see 
for example [4], [5], [6], among many others.) In section [2] we recall some facts about Z transform, which 
is the main tool used here and in previous results we use in this article, also recalled in section [2j The 
main results are presented in sections [3] and |H Propositions Q] and [2] in section [3] contain, respectively, 
equivalent conditions on the positive integers t, k, s for the sums of powers ELo ^tsn ( x ) an d ELo F\ sn (x) 
can be written as linear combinations of certain s-Fibopolynomials, and propositions [3] and [5] in section U 
contain, respectively, equivalent conditions on the positive integers t, k, s for the alternating sums of pow- 
ers En=o (~^) n Ftsn ( x ) an d En=o ( — ^tan ( x ) can wr itten as linear combinations of the mentioned 
s-Fibopolynomials. Surprisingly, there are some intersections on the conditions on t and k in propositions [1] 
and[3](and also in propositions[2]and[5]), allowing us to write results for sums of the form En=o ( — 1)"" Ftsn ( x ) 
or E«=o (— Ff sn (x) (and similar sums for Lucas polynomials), that work at the same time for sums 
En=o Ftsn ( x ) an( i alternating sums E«=o ( — -*-)" Ftsn ( x ) as wen : depending on the parity of s. These results 
are presented in section 21 corollaries |4] (for the Fibonacci case) and [6] (for the Lucas case). In section [5] we 
continue exploring intersections among the results obtained in sections |3] and HI the fact that some conditions 
on the parameters t, k, s are the same for the Fibonacci case and for the Lucas case as well, suggests that 
such conditions should work for express a sum of powers of any Gibonacci polynomial sequence as linear 
combination of s-Fibopolynomials. This is true and we show in section [5] two examples (propositions [7] and 
IHJ • Finally, in section |6] we show some examples of the "discarded cases" of sections [3] and |U It turns out 
that some of these 'bad results' are interesting identities, and in this section we show some of them. At the 
end of section [5] we show also some examples of identities obtained as derivatives of previous results. 



2 Preliminaries 

The Z transform maps complex sequences a n = (a„)^L into complex (holomorphic) functions A : U C 
C — > C, defined by the Laurent series A(z) = E^Lo " 2 " ( a l so written as Z(a n ), defined outside the 
closure of the disk of convergence of the Taylor series E^Lo a ™ z ™)- We also write a n = Z^ 1 (A (z)) and we 
say the the sequence a n is the inverse Z transform of A (z). Some basic facts about the Z transform are: 

(a) Z is linear and injective (same properties for Z^ 1 ). 

(b) If A is a given complex number, A ^ 0, the Z transform of the sequence A" is 

2(A") = -^-. (18) 
z — A 

(c) If a n is a sequence with Z transform A (z), then the Z transform of the sequence X n a n is 

Z(X n a n ) = A^y (19) 

In particular we have 

Z{{~l) n a n ) = A{-z). (20) 

(d) If a n is a sequence with Z transform A (z), then the Z transform of the sequence na n is 

Z{na n ) = -z^-A{z). (21) 
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(e) The Z transform of the convolution a n * b n of two given sequences a n and b n (defined as a n * b n — 
E™=o a * 6 ™-*) is 

Z(a n *b n ) =Z{a n )Z{b n ). (22) 
For example, for given t, k G N' we can write the sequence F^ sn (x) as 

f*. (x) = f T 4x7 («" ^ " P S ^ = (f) («*" WP ts[k - l) (*))" ■ (23) 

Wx 2 +4 / (x 2 +4) 7 ^W v y 

The linearity of Z and (|18l) give us 

Similarly, since the sequence £^ s „ (a;) can be expressed as 

L (*) = (a- (*) + (x))' = 2 (f) (») /3* s(fc -° (*))* . (25) 

7 — n V / 



fc 

• ii 

we have that 



In a recent work [10] we proved that expressions ([24]) and ([26]) can be written in a special form. The 
result is that (|2"4"|) can be written as 

z (fl (i)) = z v ,, (27) 

V * / F s (x) 



and (12611 can be written as 



Z (i* B (a;)) = z \\ \ F ° {X) . (28) 



i 



From these formulas we obtained that the sequences Fj° (%) and Lf Sn (x) can be expressed as linear 
combinations of the s-Fibopolynomials ( x y i = 0, 1, . . . , tk, according to 

t=lj=0 \ J / F s (x) \ tK / F s (x) 

and 

4 =0j=0 V J ' F a {x) V t/C 

The denominator in ([27]) (or (|28jl) is a (tfc + l)-th degree z-polynomial, which we denote as D s .tk+i (x, z), 
that can be factored as 

e (-i) " +2(stl)) " +1) P fc + x ) - (-d s+i n (* - « si («) ^ ■ (3D 

i=o v 1 ' j=0 
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(See proposition 1 in |10j.) Moreover, if tk is even, tk = 2p say, then we have the factorization 

p-i 

D s , 2p+ i (x; z) = {-l) s+1 (z - (-ID H (z 2 - (-if L 2s(p _ 0) (x) z + lj. 



3=0 

and if tk is odd, tk = 2p — 1 say, then we have the factorization 

p-i 



D sap (x; z) = {-l) s+l J] (z 2 {-If 3 A,(2 P -i- 2 ,) (*) z + (-lf p - 1)s ) 



3=0 

(See (40) and (41) in [ID].) 

From ([?7|) and (|28p we see in particular that 

2(F n (x)) 

and 

Z (L n (x)) 

respectively. Observe that, on one hand we have 



z 2 — xz — 1 ' 

z (2z — x) 
z 2 — xz — 1 ' 



dx " [X) ) dx \z 2 -xz-\) ( Z 2 _ xz _ X f 



On the other hand, by using (I2T1) . we have 

d / z (2z - x) \ xz {x 2 + 4) 



Z (nL n (x) - xF n (x)) = -z- 



dz \Z 2 — XZ — 1 / Z 2 — XZ — 1 (^2 _ _ 

Thus, from (J22J) , ® and ([57)1. we see that 



— F n (x) = F n (x) * F n (x) = 1 (nL n (x) - xF n (x)) 
dx x z + 4 



Similarly, the known formula 

— L„ (x) = nF n (x) , 
dx 

can be proved (by using the Z transform) as 

Jd r ,,\ d ( z (2z - x) \ z(z 2 + l) d ( z \ 

Formulas (|38| and (|39|) will be used at the end of section El 

3 The main results (I) 

Let us consider first the Fibonacci case. From ([29]) we can write the sum J2n=o Ftsn ( x ) as a sum 
Fibopolynomials in a trivial way, namely 
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The interesting point is that we can write P0|) as 

q tk—X tk—m i 



n=0 



(-ir +1 E EEc- 1 ) 

771 — 1 i—1 j — 

tk i 

+(-ir +1 EE(-!) 

z=l 3=0 



( a , + 2( a + l))(j + l) + 1 



( S j + 2(s + l))(j + l) ftk+1 

3 J F,{x) 



r; 1 ) *?,.„(*>( 

\ J J F s (x) V 

(*) E 



q + m 
tk 



(41) 



\* fc / F s (x) 



Expression (14"TT) tells us that the sum J2n=o ^tsn i x ) can be written as a linear combination of the (tk — 1) 
s-Fibopolynomials ( 9 ^™) F m = 1, 2, . . . , tk — 1, according to 



tk — X tk—m i 



m=l »=1 3=0 V 3 / F.W \ EK /-Ms) 



n=0 

if and only if 

EE(-D 

t=l 3=0 

Observe that from and (f2"?| we can write 



( S j + 2(s+l))(j + l) /t/c + 1 



■7 /F s (x) 



EEC- 1 ) 

i=0 3=0 



(sj + 2( a + l))(j + l) /t/c + l 



1 PV-i)*- 1 

(.t 2 + 4)* \j=Z W 



1 



F ts(i-j) ( X ) Z 



tk- 



(43) 



(44) 



(tk+l 
E (- 1 ) 
j=0 



z-a' ts (a;)^ (fc " * s (a;) 

Let us consider the factors in parentheses of the right-hand side of (|44]) . namely 

fc 



(.i + 2(. + l))( i+ l) 



ni(*,*) = E 7 H- 1 )* 



2=0 



\fc-i 



1 



and 



tfc+i 

n 2 (x,*)= E (-i) 

i=0 

Clearly any of the following conditions 



z-a lts (x)(3 {k - l)ts (x) 

(si + 2(a + l))(i + l) ftk+1 



z 



tk+l-i 



Fs(x) 



n x (z,i) = o, 

n x (a;, 1) < oo and n 2 (x, 1) = 0. 



(45) 

(46) 

(47) 
(48) 



imply (|43p . In the following proposition we give explicit conditions on the parameters t, k and s, equivalent 
to (P]>. 

Proposition 1 ITie sum ^2^—1 ^tsn (*^) ^ written as a linear combination of the s-Fibopolynomials 



ctr) 



F a (x) 7 



1,2, ... ,tk — 1, f according to {J^'lty J, i/ and oriZy «/ one o/ £/ie following three 



cases occurs: 





t 


k 


s 


(a) 


even 


odd 


even 


(b) 


odd 


= 2 mod 4 


odd 


(c) 


= mod 4 


odd 


any 
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Proof. Observe that in each one of the three considered cases the product tk is even. Then, according 
to (1321) we can write 



n 2 (x,z) = (-i) s+1 *-(-i) 



3=0 



(49) 



We prove first the sufficiency of the given conditions in each of the three cases. 

(a) In this case the factor ^z — (— of the right-hand side of (|49|) is (z — 1), so we have II2 (x, 1) = 0. 

It remains to check that III (x, 1) is finite. By writing k as 2k — 1 (and using that t and s are even) we can 
see easily that 



ni(z,i) - 



2k-l 

E 

1=0 

fc-1 

E 

1=0 



2k -1 
I 

2k -i 
I 



(-1)' 



1 



l-a lts (x) ^ 2k - 1 - l)ts (x) 



(-1) 



z+i 



1 _ a (a*-i-i)t- (a?) p lts (x) 1 - a lts (x) pW~ l - l ) ts {x) 



and then we can write finally 



ni (a!l i) = ( 2k - ') / (2 r- 2i)ts{x ]^ 



1=0 



2-L 



(2fc-l-2/)ts 



( X y 



(50) 



so we have that 111 (x, 1) is finite, and then the right-hand side of (|44|) is equal to zero when z — 1, as wanted. 

(b) In this case the factor — (— l)" 5 "^ of the right-hand side of (|49)) is (z + 1), so II2 (x, 1) 7^ 0. 
However, by writing k as where K is odd, and using that t and s are odd, we can see that 



III 



IK 

E 

1=0 

K-l 



1=0 
K~l 

E 

1=0 



2K 

(7 
Cf 



(-1)' 



1 



1 - a' ts (x) ^ 2K ' l ) ts ( x ) 
( 1 



1 (2K 



(-1)' 



1 - a lts (x) p^ K - l ) ts (x) 1 - a [2K-l)ts (a .) ^ (x ) 

I ( 2K 
2\K 



2 V K 



0. 



Thus, the right-hand side of flUI is equal to when z = 1, as wanted. 

(c) In this case the factor (^z — (— 1)~^ of the right-hand side of (pf9f is (z — 1), so we have H 2 (x, 1) = 0. 

It remains to check that III [x, 1) is finite. By writing k as 2k — 1, and using that t is multiple of 4, we can 
see that ([50)1 is valid for any seN. Thus the right-hand side of (l4"4")l is when z = 1, as wanted. 

This ends the proof of the sufficiency of the given conditions. We will prove now the necessity of such 
conditions. We have the following possibilities for the parameters t, k, s: 





t 


k 


s 


(i) 


ei 





e 


(ii) 


e2 





e 


(iii) 


e2 








(iv) 





ei 













(v) 


e 


e 


e 





t 


k 


s 


(vi) 


e 


e 





(vii) 





e 


e 


(viii) 


ei 








(ix) 





e 2 





(x) 








e 


(xi) 
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We have proved that in the cases (i), (ii), (iii) and (iv), condition (|4"3")l holds. We have to show now that 
in the remaining cases, condition (1431) does not hold. To this end, we will show some counterexamples (we 
leave the details of the corresponding calculations and/or simplifications to the reader). 

For (v) and (vi) take t = k = 2. In this case we have, for any s € N, that 

/5\ {x) = 2pl {x) , {x) + 2 ( _ 1)S+1 x (51) 

,=i ,=o \3Sf s (x) v y 

For (vii) and (ix) take t = 1, k = 4. In this case we have, for any s € N, that 

£ £ (-l) ^ 2 '" 1 "'^ ( 5 ) ^-i) («) - -M? (x) (X 2s (x) + 2 (-1)*) . (52) 

i=lj=0 \->/F,(x) 

For (viii) take i = 2, fc = 1 and s odd. In this case we have that 

E E (- 1 ) * ■ F Mi-i) ( x ) = 2F ?s (x) L s (x) . (53) 

i=lj=0 \JSF.ix) 

For (x) and (xi) take t = k = 1. In this case we have, for any s G N, that 

ED-'l^R = (-!)'« (54) 

i=lj=0 V/F 8 (x) 

This ends our proof. ■ 

An example from the case (c) of proposition [TJ is the following identity (corresponding to t = 4 and 
fc = 1), valid for any seN 

iF isn (x)=F is (x)(( q+ A 1 ) +(-l) S+1 L 2s (x)( q+ A 2 ) +( q+ /) )■ (55) 
Let us consider now the case of sums of powers of Lucas polynomials. From (|30[) we see that 

n=0 i=0j=0 V 3 n=0 \ rK ' F s (x) 

which can be written as 

q tk tk—m i / , r -, \ / \ 

Eiw-HrEEEM"^*; 1 ^w(T) (57) 

n=0 m=l i=0 J=0 \ J / F s (x) \ lh J F.(x) 

Expression (|57|) tells us that the sum X)n=o ^tsn C 33 ) can be written as a linear combination of the (tk) 
s-Fibopolynomials ( 9 ^™) F , x y m = 1, 2, . . . , tfc, according to 

v fc , . , ,,m ^-^ ^-^ ^-^ , ( a j+2( S+ i))(j+i) /ifc + 1\ fc , , ( a + m\ , , 

EiLw = (-i) s+1 E EEh) 2 7 £ J.(h)W I ■ ( 58 ) 

n=0 m=l i=0 3=0 \ J / F 3 (x) \ / F s (a:) 
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if and only if 



From 



tk i 



(sj + 2(s + l))(j + l) (tk+l 



V J J F, (x) 



and 



tk i 

EEH) 

i=Oj=0 
/tk+l 



we can write 

(sj + 2(s + l))(3 + l) /^fc -f 1 



3 



F a {x) 



Tk 



(x) Z 



tk—i 



(59) 



(60) 



Em: 



(„ +2 ( S+ i))(, + i) ftk + 1 



. i=0 



tk+l-i 



Fs(x) 



E 

1=0 



I J z-ct Us (x)P {k ' l)ts (x) 



We have again the factor ±I 2 (x, z) considered in the Fibonacci case (see (|4"6"10 . and the factor 

k 



fix (*,*) = Eft) 



1 



z-o^ (x) /3 (fc ~ i)t;i (z) 



(61) 



Plainly any of the conditions: (a) III (x, 1) = 0, or, (b) III (x, 1) < oo and il 2 (x, 1) = 0, imply (j59")l . In 
the following result we show explicit conditions on t, k and s, equivalent to (|59p . 

Proposition 2 TTie sum X)n=o ^tsn ( x ) can be written as a linear combination of the s-Fibopolynomials 
I'l ■ "'\ 



tk JF„(x)' 



1,2,..., tk, according to \45j) > if an d only if one of the following two cases occurs: 





t 


k 


s 


(a) 


even 


odd 


even 


(b) 


= mod 4 


odd 


any 



Proof. In both cases we have tk even, so it is valid the factorization (|49]) for II2 (x, z). Let us consider 
each of the cases. 

(a) In this case the factor (^z — (— in II 2 (x, z) is (z — 1), so we have il 2 (x, 1) = 0. It remains to 

check that 111 (x, 1) is finite. In fact, by writing k as 2k — 1 and using that t and s are even, we can see that 



2fe-l 



ILi(x,l) = £ 



1=0 
k-l 

E 

1=0 

fe-i 
E 

1=0 

4 fc-l 



2k- 1 



I J 1 -a its (x)/3 (2fe - 1 - i)ts (x) 



2k- 1 



+ 



1 



I J \l - a lts (x) (3 {,2k - l - l)u (x) 1 - a W-i-i)ts pits ^ 

2fc- 1 N 
/ 



(b) In this case the factor — (— 1) 2 ^ in II2 (x, z) is again [z — 1), so we have H2 (x, 1) = 0. With a 

similar calculation to the case (a), we can see that in this case we have also III (x, 1) = 4 fc ~ 1 . 

This ends the proof of the sufficiency of the given conditions. Let us prove now that they are necessary. 
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We have the following possibilities for the parameters t, k, s: 





t 


k 


s 


(i) 


ei 





e 


(ii) 


e2 





e 


(hi) 


e2 
















(iv) 


e 


e 


e 





t 


k 


s 


(v) 


e 


e 





(vi) 





e 


e 


(vii) 


ei 








(viii) 





e 





(ix) 





o 


e 


(x) 





o 






We have proved that (f59|) holds in the cases (i), (ii) and (hi). Let us see, by means of counterexamples, 
that in the remaining cases (I5U1) does not hold. 

If t = k = 2, we have for any s £ N the following identity (corresponding to cases (iv) and (v)) 



4 i 
i=0 j=0 



(sj + 2(s + l))(j + l) /5 



^(.w) (.*) = -2(x 2 +4) 2 ^ (x)^^). 



(62) 



V?/ F s (k) 

If t = 1 and fc = 2, we have for any seN the following identity (corresponding to cases (vi) and (viii)) 

( a j + 2(, + l))(j + l) /3 



i=0 j"=0 



(x) = (3(-l) s -l)(L 2s (x)-2). 



If t = 2 and fc = 1, we have for s odd the following identity (corresponding to case (vii)) 



(63) 



2 j /q\ 

E E C" 1 ) ' ■ ) ^.(i-i) (z) = 4 - 2L 2s (a:) . 

.=0 ,=0 W F.{x) 



(64) 



If t = k = 1, we have for any s 6 N the following identity (corresponding to cases (ix) and (x)) 
l t 



EEm 

i=0 j=0 



( a j + 2(s+l))(j + l) [2 

2 



(x) = (-l) S (L s (x)-2) 



(65) 



The proof is now complete. ■ 

An example from the case (b) of proposition [5] is the following identity (corresponding to t = 4 and 
k = 1), valid for any s e N 



£W*) = l( q+ A +(-L 4s ( X ) + 2(-iy +1 L 2s ( X ))( q + 3 ) 

n=0 V 4 7 V 4 / 



(66) 



+ (-l) s (L 6s (x)+L 2s (x) + 2(-l) s ) 



q + 2 
4 



L 4s (x) 



F.(x) 



q + l 
4 



Examples from the cases (a) and (b) of proposition Q] and from the case (a) of proposition^ will be given 
in section [H since some variants of them work also as examples of alternating sums of powers of Fibonacci 
or Lucas polynomials, to be discussed in section @] (see corollaries 2] and [5]) . 
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4 The main results (II): alternating sums 

According to ([2"0]>. (|24|) . (|26|) . (f27| and p8|) . the Z transform of the alternating sequences (-1)" Ff sn (x) and 
{-l) n L k tsn (x)are 

V /f s (x) 



tfc+1. (s. + 2( a + l))(» + l) (tk + l\ .tfe+l-i 



ES (-1) 5 ( ' ) (-*) 

F,(x) 



2((-irtW) = E 



fc 'ft- 



^ V/z + Q iis (a?) P {k ~ l)ts (x) 



and 



e:: e;=o (-1) — 5 — [ . ^) (*) (-*) 

V 1 / F, (x) 

By using (|29|) and (|30f it is possible to establish expressions, for the case of alternating sums, similar to 
expressions (j4Tj) and ([57]) , namely 

E(-!riw ( 69 ) 

71 = 

tk—1 tk—m i 

V J / F s (x) \ lK / F s (x) 



(■j+2(.+i»»+i) +i+tfc+g+m /t* + 1\ , fq + m 

[ J Jf.(x) tS(i - j)( } l t 

(, 3 -+2( s + l))( J + l) +a + tfc /ffc+ A « / n 



and 



m— 1 z— 1 j— 

+ (-d s+1 E E + - f -7 M ^ts(i-j) (*) E vtfc , 

i=lj=0 V J /F„(aO n=0 \ lK / F 3 (x) 

E(-i) n £Lw (70) 

n=0 

- Mr +1 E ED-i) 1 "' 1 '"" "'^ f** + ^ (*) ( 9 r) 

m =l i= j=0 V J /F a (x) V t/c / F s (x) 

+ (Mr 1 f;E(-») aaB *° BalHM '(*r) ^ wE • 

!= 3=0 V J ' (x) n=0 V^/Fsfx) 

respectively. From and (fTUj) we see that the alternating sums of powers ELof"^)"^™! 1 ) anc ^ 
E«=o ( — 1)™ Ltsn ( x ) can be written as linear combinations of s-Fibopolynomials ( 9 | fe m ) F ,s according to 

E (-If (71) 

n=0 

- (-r|'EEH) iBa » ,tfl ^- (*?«) ^.(.-«w( 5 D • 

m=l ,=1 j=Q \ J /F s (x) V lK /F,(x) 
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and 

j^i-lT Ll n {x) (72) 



n=0 

(-d s+1 E EE(-^) w+2, ' imj+1, +1 "^ (** + ^ (*) 

m=l »=0 j=0 V J / F s (a) \ l " v / f„(a:) 



if and only if we have that 



tx:(-')" Htt * !,Baa4< (*r) p w*>=°. < 73 » 

,=1 ,=0 V 3 / Fs(x) 

and 

i=0j=0 v J /f,(») 

respectively. Observe that, according to (|67p and (|55)) we have in these cases that 

(*> + 4>» ^« (<* + Fi(( _ J( (I) (75) 



i=0 j=0 \ J / F s (x) 



\l=0 

and 

respectively. Then we need to consider now the following factors 



ni(a:,z) = V , f-lf"' , (77) 

W z + a lts (x) /3 (fe -' )ts (x) V ' 



'k\ 1 



" l(l ' Z) = SUz + a«'(x)^-')-(x)' (78) 
and 

n4 (x. I ,.2(- I )" a «*» ttB «(* + l ) »"«-'. (79) 

i=0 V * ' *".(*) 

Plainly f|T3[) is concluded from any of the conditions: (a) fii (a;, 1) = 0, or, (b) Qi (x, 1) < oo and 
(x, 1) = 0, and ([74| is concluded from any of the conditions: (a) Hi (x, 1) = 0, or, (b) Sli (x. 1) < oo and 

0,2 (x, 1) = 0. In this section we give conditions on the parameters t, k and s, equivalent to (I73[) (for the 
Fibonacci case: proposition [3]) , and equivalent to ([74| (for the Lucas case: proposition [5]). 
In the Fibonacci case we have the following result. 
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Proposition 3 The alternating sum ^2n=o ( — 1)™ ^tsn ( x ) can ^ e "written as a linear combination of the s- 
Fibopolynomials ( q ~^™) F , x y m = 1, 2, . . . , tk — 1, according to \71\j . if and only if one of the following cases 
occurs: 





t 


k 


s 


(a) 


any 


= mod 4 


any 


(b) 


any 


even 


even 


(c) 


= 2 mod 4 


any 


odd 


(d) 


even 


even 


any 



Proof. Observe that in all the four cases we have tk even. Thus, according to (|32p (with z replaced by 
-z) we can factor SI2 (x, z) as 



{x,z) = (-!)'(* + (-!)**) J] (z 2 + (-l)^L H ^_ j) (x)z + l). 



(80) 



3=0 



We have to show that ([73| holds in each of the four cases (and only in them). 



( tsk \ 
z + ( — 1) 2 J 

z = 1 in (I77|) . with k replaced by 4fc, we get 



of (|80|) is z + 1, so we have 5^2 (x, 1) ^ 0. However, by setting 



4A' 



i=0 
2fe-l 



i 



(=0 
2fc-l 

E 

0. 



4A: 



l + a it;5 (x) /?( 4fe -')^ ( x) 
1 



1 /4fc 



+ a its (x) ^-O*" ( x ) 1 + a («-')t- ( x ) (3 lts ( x ) J 2 V2fc 



ik 



Thus (|73|) holds, as wanted. 

tsk 

(b) In this case we have z + (—1) 2 = z + 1, and then fi 2 (x, 1) 7^ 0. However, by setting z = 1 in ([771) . 
with fc substituted by 2fc, we get for s even 



2/,- 



Z=0 
fc-1 



2fc 



1 



z=o 
fe-i 



2/V 



§ 7 <-"' 7 



+ a 2its (x) /3 2 ( 2fc -<)' s (s) 
1 



(81) 



1 /2fc 



2/ts (3.) p2(2k-l)U ^ 1 + a 2(2k-l)ts (3.) ^ J 2 V k 



(-ir 



1=0 

0. 



1 /2fc 



2 V k 



Thus ([73]) holds, as wanted. 

(c) If in (ISTfl) we set z = 1 and replace t by 2 (2f — 1), we obtain that 



^ 2 (x,i)=(i+(-i) fc ) n l 

We consider two subcases: 



(2t-l)fe-l 

n 

J=0 



2s((2t-l)fc-i) 



(x)+2) 



(82) 
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(cl) Suppose that k is even. In this case we have VL2 (x, 1) 7^ 0. But with a similar calculation of ([8~Tj) we 
can see that in this case we have also d% (x, 1) = 0. Thus ([75)1 holds when k is even. 

(c2) Suppose that k is odd. In this case we have clearly that fl 2 = 0. We just need to check that 

Hi (x, 1) is finite. If we set z = 1 in (|77|) and substitute k by 2k — 1, we obtain for t = 2 mod 4 and s odd 



2fe-l 

E 

1=0 

fc-i 
E 



2fc- 1 
I 

2k- 1 
Z 

fc-i 



(-1) 



(+1 



l + a Ws (a?) /J^- 1 -^ ( x ) 



f+i 



(-1) 



2k- 1 
Z 



1 



1 



1 + a lts (a) ^P*- 1 -')** (a;) 1 + a (a*-i-0t» ( x ) (a-) ^ 

2+1 ■f(2fc-l-2i)t« W 



(-1) 



2 + L(2k-l-2l)ts (x) 



Then we have fl± (x, 1) < 00, as wanted. That is, expression (|73[) holds when k is odd. 

(d) In this case the factor (^z + (— of (|80|) is (z + 1), so we have 0,2 (x, 1) ^ 0. But with a similar 

calculation of (|8l|) we can see that in this case we have also £2i (a, 1) = 0. That is, in this case we have also 
that f^! (x, 1) = 0, and we conclude that ([75)1 holds. 

This ends the proof of the sufficiency of the given conditions for ([75)) hold. In the following table we have 
the list of all parity possibilities for the parameters t, k and s: 





t 


k 


s 


(i) 


e 


e 


e 


(ii) 


e 


e 





(iii) 





e 


e 


(iv) 


ei 








(v) 





e 2 








t 


k 


s 


(vi) 


e 





e 


(vii) 


e2 








(viii) 





ei 





(ix) 








e 


(x) 












We have proved that (|73|) holds in cases (i) to (v). Then we have to prove that in the remaining cases 
expression (|73p does not hold. To this end, we show some counterexamples. 
For t = 4, k = 1 (cases (vi) and (vii)) we have for any s 



(sj + 2( a + l))(, + l) 



3/ F.(x) 



EE(-D 

i=l j=0 

For t = 1, k = 2 (case (viii)) we have for odd s 

2 i 

EE(-D 

i=l j=0 

For t = k = 1 (cases (ix) and (x)) we have for any s 

EE(-D 



-+; 



■ + + '■ 



+■1 



F s (x) 



-2^(1). 



F s( ^) (a;) = (-l) s F 5 (a). 



(84) 



(85) 



i=i 3=0 
Our proof is complete. ■ 
Corollary 4 (a) If t is odd and k = 2 mod 4, we have the following identity valid for any seN 

E(-i) (s+1)n ^» w 



(86) 



tk— 1 tk— 771 i 

= (-d s+1 E EE(-d 

m— 1 z— 1 J— 



(sj + 2(s + l))(j + l) 



+(s+l)(i+tfc+«+m) 



3 



F 



Fs(x) 



ts(i-j) 



(X) 



q + 



F s (x) 
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(b) If t = 2 mod 4 and fc is odd, we have the following identity valid for any s G N 



£(-ir^ TO (x) 

tfe— 1 tk—m i 

Mr +1 E EEC- 1 ) 

m— 1 i=l j— 



(87) 



■-" Jl - '■-'!" -.<; + //,-+,, -,„, fifc + l 



q + m 



Proof, (a) When i is odd and k = 2 mod 4, formula ([56]) with s odd, gives the result (|4"2")) of case (b) 
of proposition [T] (which is valid for t odd, k = 2 mod 4 and s odd). Similarly, for i odd and k = 2 mod 4, 
formula (|86l) with s even, gives the result (1711) of case (b) of proposition [3] (which is valid for even k and s, 
and any t). 

(b) When t = 2 mod 4 and fc is odd, formula (|87|) with s even, gives the result (|42|) of case (a) of proposition 
[1] (which is valid for t even, fe odd and s even). Similarly, for t = 2 mod 4 and k odd, formula (|87|l with s 
odd, gives the result fl71"j) of case (c) of proposition [3] (which is valid for f = 2 mod 4, s odd and any k). ■ 

We give some examples from the cases considered in corollary [4] Beginning with the case (a), we have 
the following identities, valid for s € N. 

By setting t = 1 and k = 2 in ([86]) we get 



E(-i) (s+1)(n+9) ^w = ^ 2 w( 



9+1 

2 



By setting £ = 3 and k = 2 in (|86[) we obtain 

/ 



J2(-l) (s+1)(n+q) Fl n (x)=Fl(x) 



n=0 



q + i 

6 



Fs(x) 



F s {x) 



q + 5 
6 



V 

By setting t = 1 and fc = 6 in ([8"6l we get 



+ ((-iy +1 L 4s ( X )-L 2s (x))^ q+ 6 2 ^^ + 
+ (-l) s (L es (x)+L* (x)) ( 



(x) 

g + 3 
6 



g + 4 
6 



(89) 



E(-i) (s+1)C " +9) ^w=^ 6 w 



9 + 1 
6 



F s (x) 



+LI (x)((-l) s 5L 2s (z)+4) 



q + 5 
6 

q + 2 
6 



F s (x) 



6 



+ ((-l) s 10L 6s (x) + 30L is (x) + (~l) s 52L 2s (x) + 62) 



F 3 (x) 
Q + 3 

6 



x)' 



Three examples from the case (b) of corollary [4] are the following identities, valid for s E N. 
By setting t = 2 and k — 1 in (f87"l) we obtain 



j:{-if n+ ' i) F 2sn {x)=F 2s { X ) ( q+ 2 1 ) 



(90) 



(91) 



Fs(x) 
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By setting t — 2 and k = 3 in (|87l) we obtain 

/ 



g ( _i r (»+«) F 3 sn(x)= ^3 s(a;) 



n=0 



9 + 1 
6 



g + 5 
6 



+ (<-"' +i ^ w+2 ^ w )((': 2 ), w + cr) F .J 

+2 (l 6s (x) + l 2s (x) + (-ir +i ) ( 9 + 



(92) 



By setting t — 6 and fc = 1 in (|87l) we get 

/ 



E (-l) s( " +9) ^„ (a:) = F 6s (x) 



From (EEI and (ED we sec that 



g + i 

6 



g + 5 
6 



^^-^{(^X^X, 

+ (-iy(L 6s (x)+Lt(x)) ( 9 + 3 ) 



(93) 



(-l) (s+1)? L s (x) 2 (-l) (s+1) " F? n (x) = (-1) S9 F s (x) £ (-I) 5 " (*) = F s(q+1) (x) F sg (x) . (94) 



j(s+l)n ^2 

Observe also that, from (j59")l and we can write 

±-±(-i)^^Fl sn (x) = -i-EH) s, " +?)f -W 



n=0 



F 6S (S) 

6 



(95) 



n=0 



F,(x) 



g + 5 
6 



F s (x) 



+ (( _ ir+ . i4 . w _ i2 . (l) )((^^_ w + (»^) 

+ (-1)' (£,.(*) + £2 M)^* 3 ) . 



.(«) 

Some numerical examples of identities (|90|) . (|92|) and (|95|) . corresponding to x = 1 and s = 1 or s = 2, 
are the following 



(96) 



n=0 

g + 1\ (q + 5 



G 



G 



g + 2\ /g + 4 



- 19 



g + 3 
6 



n=0 



E(-l) n i ;, |n = (-l) 9 



g+l\ /g + 5 



13 



g + 2\ (q + 4 



44 



g + 3 
6 



n=0 



g + 1\ /g + 5 



- 11 



g + 2\ /g + 4 



- 64 



g + 3 
6 



(97) 
(98) 
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We comment in passing that (|98|) is an example given in [7J (p. 259). In that work we wrote: "It seems 
that the sum X)n=o -^n 1S ec L ua ^ to [the sum of] k — 1 Fibonomials (times some constants) if and only if 
k = 2 mod 4. We leave this affirmation as a conjecture." The conjecture is now proved: the sum X)n=o F% 
corresponds to our case t = s = 1 (and of course x = 1) of proposition [TJ and thus to the case (b), where 
k = 2 mod 4. 

The simplest example from the case (a) of proposition [3j corresponding to k — 4 and t = 1, is the 
following identity valid for any s 6 N 

E(-ir^lw = ^ 4 (-)ff <z ! 1 ) +( q+ A 3 ) +(H-iyL 2s ( X )+±)( q+ d 2 ) ). (ioo) 

With some patience one can see that the case x — 1 of (JTUDJ) is the identity 



E' i ivn jpi {- l ) q F sqF s ( q+1) (L s L sq L s{q+l) - AL 2 
F ™ = KTT7 



5L s L 2s 

n— u 

demonstrated in the year 2000 by Melham [5J. 

An example from the case (d) of proposition |3l corresponding to t = k = 2, is the following identity valid 
for any s 6 N 

4 L ^ {X) ( 4 + 4 



eh)"xw=^w r +(-ir +i ^(-)ri +rr . aoD 

n=0 \ V '*i(«0 V V /*■.(»)/ 

The case s = x = 1 of (|10ip can be written as 

E F 2„ = I ((-I) 9 Wi + 1) (102) 

n=0 

From the case s = x = 1 of (jlOOj) and (|101[) , we can see that 

E (-1)" (FL = \ F q+2 F q+1 F q F q ^. (103) 



n=0 



Proposition 5 The alternating sum X)n=o ( — -O -^tsn I 3 ') cfm ^ e written as a linear combination of the 
s-Fibopolynomials ( 9 ^™) F , rn — 1,2,... , tk, according to \7$fy , if and only if s and k are odd posit 



iv e 



integers and t = 2 mod 4. 

Proof. We will show that in the case stated in the proposition we have f2i (x, 1) < oo and fl 2 (x, 1) = 0, 
which implies (1741 . and that in all the remaining cases ([74]) does not hold. Since s and k are odd, and 

t = 2 mod4, the factor (z + (— of (|80|) is (z — 1), so we have fl 2 [x, 1) = 0. We just have to check that 
f2i (a;, 1) < oo. If in (|75|) we set z = 1 and replace k by 2k — 1, we get for t = 2mod4 and s odd that 

~ , „ x ^ (2k - 1\ 1 

ni(a;,l) = E 



fc-i 

E 

(=0 

fc-1 

E 

4 fe-i 



i / 1 + a' ts (a) ^t 2 *-!-')*- {x) 
2k- 1\ ( 1 



I J \ 1 + (x) ^(2^-1-0*^ (x ) 1 + a (2k-i-i)ts ^ pits ^ 

2k- l x 
I 
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This ends the proof of the sufficiency of the given condition. We have the following list of the parity 
possibilities for t, k and s. 





t 


k 


s 


(i) 


ei 
















(ii) 










(hi) 


e 





e 


(iv) 


e 


e 








t 


k 


s 


(v) 


e 


e 


e 


(vi) 





e 


e 


(vii) 





e 





(viii) 








e 


(ix) 





o 






We will show that in the cases (ii) to (ix), expression ([71)1 does not hold. Leaving the details to the 
reader, we have 

(*) For t = 4, k — 1 (cases (ii) and (hi)) we have for any s, 



EEC- 1 ) 

i=0 j=0 



(sj + 2(s + l))(j + l) | L /g 



\3J F 3 (x) 

(*) For t = 2, k = 2 (cases (iv) and (v)) we have for any s, 

4 i 



L is {i-j) 0) = ~2L 2 S (x) L\ s (x) . 



(104) 



EE(-D 

i=0 ]=0 



( S j + 2(s + l))(j+l) | . /5 

Viy f s (x) 

(*) For t = 1, k = 2 (cases (vi) and (vii)) we have for any s 

2 i 



(105) 



EE(-D 

i=0 j=0 



(sj + 2(a + l))(j+l) 



(^) = -(3(-l) s + l)(i 2s Or) + 2) 



(106) 



(*) For t — 1, k — 1 (cases (viii) and (ix)) we have for any s, 

1 i 



EE(-D 

i=0 j=0 



F a (x) 



Ls(i-i) (as) = (-1) S (i. (*) + 2) . 



(107) 



This ends the proof. ■ 
Corollary 6 If t = 2 mod 4 and fc is odd, we have the following identity valid for any seN 



^(-ir^ s „w 



(108) 



n=0 



tfe tk—m i 
m— 1 i— j— 



____=___ +M , +„,+,,-,„, ^tfc + i 



L 



ts(i-j) 



(,:) 



q + m 



F a (x) 



Proof. When i = 2 mod 4 and k is odd, formula f|108[) with s even, gives the result ([55)1 of case (a) of 
proposition [2] (which is valid for t even, fc odd and s even). Similarly, if t = 2 mod 4 and k is odd, formula 
(|108D with s odd, gives the result (|72[) of proposition [5] (which is valid for t = 2mod4, k odd and s odd). ■ 

Some examples of (|108|) are the following identities, valid for any seN. 

With t = 2 and k = 1, identity (fl08| looks as 



g + 2 



- ^2 S (a:) 



9 + 1 
2 



(109) 
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which can be written as 



n=0 

Comparing (I110[) with (pjf we see that 



]T (-lf n+q) L 2sn (x) = p^L sq (x) F s(q+1) (x) . (110) 



L 4sn (x) = -pr-j^L 2sq (x) F 2s(q+1) (x) (111) 



n=0 



i q+ A + (-L is{ x )+ 2 { -l)^L 2s{ x))(« + 3 ) 
+ (-l) s (L 6s (x) + L 2s (x) + 2 (-l) s ) ( q+ A 2 ) - U s (x) (q ~ ' 



4 / F e (x) V 4 / F s (x) 



The case s = x = 1 of (|111[) is 



With t = 2 and fe = 3, identity (IT08| looks as 

£(_!).(«+,) (n2) 

n=0 

= -LKx)^": 1 ) +L 4s (x)((-iyL 6s (x)+4L 4s (x)+3(-l) s L 2s (x)+4)( q+ r 2 ) 



+4 (-l) s+1 L 4s (a:) (L 8s (i) + Us (i) + 2 (-l) s L 2s (x) + 2) 



6 



F s (x) 



+ ((-l) s L 2s (x) (7L 8s (x) + 4 (-l) s L 6s (x) - 2L 4 , (x) + 14) + 16) ^ + ^ 

- (L 2s ( a ;)(7L4,(a;)+8(-l) s i 2s ( a ;)-2) + 16(-l) s+1 ) ( q+ R 5 ) + 8^ + 6 ) 
With t = 6 and fc = 1, identity (fTU5|) looks as 

^ (_!)*(«+*) L6sn(a;) (us) 



F a (x) 



n=Q 



L,„ {.,) [ q + 1 ) + U s (x) ((-l) s L 6s (x) + U s (x) + 1) ( q + 2 

" / F.(x) V b / F.(x) 



- ! -l) s+1 L As (x) (L 8s (x) + L As (x) + 2 (-l) s L 2s (x) + 2) ( 9 + 3 



q + 4 
6 



F s (x) 



+ (L 2s (x) ((-iy L 8s (re) + L 2s (x) (L is (x) + (-I) 3 L 2s (x) - 1)) + 4) 
- (L 2s (x) (L 4a (x) + 2 (-l) s L 2s (x) + 1) + 4 (-l) s+1 ) 6 ^ ( ) + 2 C 6 ^ ( ) 



Note that according to (|1 10|) we also have 



{-iy (n+q) L 6s n (x) = L 3sq (x) F 3s(q+1) (x) . 

„-n ^3s [X) 
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The following identities are numerical examples from (|112j) and (|113[) : 



9 



■i) a £<-i)"£t„ = - 27 ( , 6 1 ), +35 ( , 6 2 ) r +1 * 10 C6 3 ')- (114) 



(115) 



5 Sums of powers of Gibonacci polynomials 

Corollary [4] shows intersections on results for sums of powers En=o ^tan ( a; ) an< ^ alternating sums of powers 
Sn=o ( — 1)™ -^tsn ( a; ) (both results within the Fibonacci world), and similarly, corollary [6] shows intersections 
on results for sums of powers E«=o ^tsn ( x ) an d alternating sums of powers J2n=o ( — 1)" ( x ) (both 
results within the Lucas world). Surprisingly, there are also some non-empty intersections between the 
Fibonacci world and the Lucas world, that invite us to think about results for sums of powers of Gibonacci 
polynomial sequences. In this section we give two propositions as examples of this kind of general results. 
The strategy of the corresponding proofs will be the same used in sections [3] and HJ 
By using ((4]) we can see that 

Gtan+v (*) = ~ Ai ^ E (T) (-D fe " (^4) ' (« tSl (*) (*))" - (H6) 

(a; 2 + 4) 5 V'/ V^W/ V 1 

where Ci (af) = (d (x) a (a;) + G (x)) a 1 '" 1 (i) and c 2 (x) = (Gi (x) f3 (x) + G (i)) (x). Thus, accord- 
ing to (|18p. the Z transform of the sequence G^ sn+J; (x) is 

2(Gfm+ , w) . £ (f) ( _ ir f fiMV ' (in) 



(x 2 + 4)*t^W \C2(x)J z -a tsl (x)p ts(k - l) (x) 



and the Z transform of the alternating sequence (—1)™ Gfan+n ( x ) ^ s 



(x 2 +4) 3 ^W V^)/ z + a tsl (x) (3 ts[k l) (a) 

In [TU] we proved that (|117|) can be written as 

\tk -r^i , , + + /tk+l\ . , , 



e:=oe;= (-i) 2 ; c?* (< _ i)+)J (x)z 



Z (Gt sn+V (x)) = z , - ^ , (119) 

V tsn+ V \ J) n _ ( 3 i +2 ( s + l))(, + l) ftk + IN 



(which includes expressions ([27]) and (|28|) as particular cases) , and then we have also the following expression 
for ([ITS]) 

WW*))-' _ t) , OT — • <™> 

V * / F s (x) 
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By using (|119[) . we proved in |10j that the sequence G^ sn+V (x) can be written as a linear combination of 
the s-Fibopolynomials i x y i = 0, 1, . . . , tk, according to 

j=0j=0 \ J J F s (x) \ lK J F s (x) 

(Formulas ([29)) and ([29]) are particular cases of (|121| .) From (|121| we see that 

EcUw-i-irEEi-i)"*^^ 1 ) <4<>w->E( B+ £ _ ') ■ 

n=0 i=0j=0 V J '^(*) n=0 V IK /-F»(x) 

and 

n=0 i=0i=0 V 3 ' F.(x) n=0 V ^.W 

which can be written as 

E G *-+. (*) ( 122 ) 

ifc tk—m i /,, , -\ / \ 

m =l i= 3=0 V 3 / Fs(x) V /F a (x) 

t0 3 =0 V J /-F.faO „=n V rK / F„(aO 



and 



^2(-l) n Gi n+r ,(x) (123) 



n=0 

tfc tk—m i 



= (-d s+1 E E E (-D (S3+2( " 1,)(J+1> + ' + " w P fc + x ) g* (») ^ + m 

m=l i=0 3=0 \ 3 J f b (x) 

tk i j , 1N g 



4 =0 3=0 V / F s (x) „ =0 v'V F s (s) 

respectively. (Formulas ((57l) . (JB9) and (J7DJ) are particular cases of |[I2^|) and fT^Sjl.) Thus, from (TT2"2"]) we 
see at once that the sum X)n=o ^tsn+ri ( x ) can be written as a linear combination of the s-Fibopolynomials 
( 9 tfc™)F s ( K )' "i = l)2,...,*fc> according to 



( 3J +2(s+i))(j+i) / tk + 1\ „ t , . ( q + m 

' 1 (x w 



ts(i-i)+j7 W I /fr 



g tfc tk—m i 

n=0 m=l i=0 3=0 

(124) 

if and only if 

EEH) 2 , Gt (w)+ ,»=0. (125) 

4 =0 3=0 V 3 ' F*(x) 
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Similarly, from f|l 23[) we see that the alternating sum Y^L=o ( — 1)™ ^tsn+v ( x ) can ^ e wr hten as a linear 
combination of the s-Fibopolynomials ( F i x y tn = 1, 2, . . . , tk, according to 

J2(-l) n Gi n+v (x) (126) 
n=0 



m— 1 i=0 j— 

if and only if 



- ( _ i)H1 ™ t ,M + n o^W-a (127) 

Our first result was inspired by the intersection between case (c) of proposition [T] and case (b) of propo- 
sition [2J 

Proposition 7 If t = 0mod4, fc is odd, and s is any natural number, we have the following identity valid 
for any r\ €E Z 

9 



E g "-+.(- t ) ( 128 ) 

i&j tk—m i /,, ^\ / \ 

EEE (-D^^ + 1 G *, (i _ J)+ , w (« +») 

m=l »=0 j=0 V J V EK /, 



7 /-F s (x) V tft /F s (x) 



Proof. First of all observe that according to (|117j) and (|1 19|) . the conditions 



!i!±2!f ^, tt + A =o _ (i2g) 

l=0 V * /F s (a;) 



and 

'k\ , .s k -i (ci (x)\ 1 



V (-1)^ — -r-7T— Ts < 00, (130) 

f=£W \ l-a ts '(x)/3* s ( fe ^(a;) 

imply (1125j) . Observe also that if n = and G = F, formula (II 28|) is just the case (c) of proposition [1] and 
if 77 = and G = L, formula (1128j) is just the case (b) of proposition [2j In the corresponding proofs of these 
cases we proved that (j!29[) holds (observe that (|129p does not involve the Gibonacci sequence). Thus, it 
remains to prove that (|130[) holds. By writing k as 2k — 1, and using that t = 0mod4, we have that 



z=o 



53 ( 1 ) ( 1)2 U2 (x) ) 1 - a t.j (a0 ^pfc-i-o (x) ( 131 ) 



fe 1 ^fc-A (-1)' +1 



E 



' / 2 - it s (2fe-i-2/) (a;) 
/ ci(^\ 2 " 1 / _ atsl } \ _ / \ / _ ^.(afc-x-o £ t .j ( x 

\C 2 (x)/ V / \c 2 {x)J V 



Now it is clear that (|130[) holds. 
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For example, if t — 4 and k = 1, we have the following identity valid for any 77 G Z and any s e N 
^ Gi 6s+J) (as) - ( J (G 12s+V (x) - G v (x)) ^ 

W FJx) 



n=0 



+ (-l) S 



F,(x) 

(G S s+ V (x) - G 4 s+r, (x)) 



(132) 



F„(x) 



( 



G n (x) + G 4s +r, (x) + G S s+ v (x)- ( ) (G 4s+t; (a;) + G v (x)) ^ 

V 1 / F 3 (x) 

+ (-1) 



>0«0 

G„ (x) 



F„(x) 



F»(z), 



G v (X) + G4 s+rl (x) 



q + 3 



+ G v (x) 



J 

4 



q + 2 



F s (x) 



F„(s) 



which includes as particular cases to (|55|) and (|66|) . More particularly, if we consider the Gibonacci polynomial 
sequence G n (x), with Go (x) = x 2 + 1 and G\ (x) = x + 1, identity (|132[) with 77 = 3 and s = 1 looks as 



4 



. , q + 2 
x 5 + 4a; 3 + 2x - 1 N ' 



F( x ) 



G 4 „ +3 (ar) = (a; 3 - 1 

+ (2a; 5 + a; 4 + 7a; 3 + 3a; 2 + 4a; + 1) ^ + ^ 
+ (a; 2 + l)(2a; + l)^ + 4 ) 



(133) 



F{x) 



F(x) 



F(x) 



and with s — 2, we have 
9 



^ G 8n+3 (a;) = (a; 7 + 4a; 5 - x i + 4a; 3 - 3a; 2 + 2a; - l) ( q + l \ 
n=a ^ S F 2 (x) 

( -x 11 - 8x 9 + x s - 22x 7 + 7x 6 - 26a; 5 \ (q + 2 
+ \ +15x 4 - Ux 3 + llx 2 - 2x + 3 )\ 4 

- (a; 7 + a; 6 + 6a; 5 + 6a; 4 + 8a; 3 + 9a; 2 + 2a; + 3) ( 9 * ^ 
+ (x 2 + l)(2x + l)( q + i ) . 
Formulas (|133[) and (|134|) contain in turn the numerical identities (with x = 1) 



(134) 



F a (s) 
F 2 (x) 



^ ^4(n+l) - 3 



q + 2 



(which is essentially ([55])). and 

9 



4(2n+l) 



= 3 



n=0 



9+1 



F 2 



Q + 4 

4 



g + 3 



-6 



g + 4 
4 



F 2 



q + 2 



F 2 



q + 3 
4 



(135) 



(136) 



F 2 , 



respectively. 

The following result was inspired by the intersection of case (b) of corollary |4] (which in turn involves to 
case (a) of proposition [T] and to case (c) of proposition |3|), and corollary [6] (which in turn involves to case (a) 
of proposition [5] and to proposition [5]) . 
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Proposition 8 If t = 2 mod 4 and /c is odd, we have the following identity valid for any rj £ Z and sgN 
9 



(137) 

m=l *=0 3=0 V 3 ' F*{x) V tft / F 3 (x) 

Proof. First observe that with t = 2 mod 4 and k odd we have, for s even 

tC^(^)' ^ <c <138 ' 



z=o 

and, for s odd 

E (f) (-l)*"' ( 1 , <k n < oo. (139) 

To prove these facts are easy exercises left to the reader. Let us consider first the case of s even. Wc 
need to prove that if t = 2 mod 4 and k is odd, then we have (|125[) . In this case the factorization of the 
denominator of (|119l) contains the factor — (—1)^1 — (z — 1), which is for z = 1. This fact, together 

with (|138|) (and of course, together with (|117l) and (|119|l ). give us the desired conclusion. On the other 
hand, if s is odd, we need to prove that if t = 2 mod 4 and k is odd, then we have (|127l) . In this case the 

factorization of the denominator of (| 120[) contains the factor + (—1)~ S ~J = (z — 1), which is for z = 1. 

This fact, together with (|139[) (and of course, together with (|118[) and p20[) ), give us the desired conclusion 
for this case. ■ 

For example, if t = 2 and k = 1, we obtain from (|137p the following identity, valid for any rj € Z and 

seN 

E(-l) s(n+9) G 2sn+ ,(.) =(((-!)* - (J) f ( J + <W*)) (" t F ( , + ^ C 2 F ( )' 

'(140) 

(This identity includes as particular cases to (|91j) and (|109[) .) More particularly, if Go (x) = x + 1 and 
Gi (x) — x 2 + x + 1, we have from (|140l) with 77 = and s = 1, the identity 

E(-ir + "G 2 „ ( .x ) = -( 9 + 1 ) + (, + l)(' Z + 2 ) , (141) 

„=0 V / ' F(x) \ L J F(x) 

and with s — 2, we get 

j2G 4n (x)=(-x 2 +x-l)( q + 1 ) +(x + l)( q+ 9 2 ) . (142) 

n=0 V 1 S F 2 (x) \ 1 / F 2 (x) 

In particular (with x = 1) we have the following Fibonacci identities 



Tl = 

9 



£(-l)«+«F 2n+3 = -(3+ lN ) +2( q + 2 \ =(2F q+2 -F q )F q+1 . (143) 



2 / V 2 / 



E F 4n + 3 = -( <7 t 1 ) +2 rt ) =^(2^( 9+2 )-^)^ (9+ l). (144) 



, n \ 2 J F 2 \ 2 J F 2 3 
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In the case t = 2 and k = 3, identity (I13T[) looks as 



6 



F s (x) 



(-l) s n+q Gl sn+V (x) 

n=0 

1 (-l) s+1 Ghs +V (*) + f f) G 3 0s+r) (a) - G 3 (a,)) N 

V 1 / F s (x) 

-Q^ (*) + (-l) s+1 GL + „ (x)) 

+ ( ) ( Gis+,? + (_1)S+1 Gl+V ^ 
( (— 1) Gfos+r, (x) ^ G\ 2s+ , q (x) 

+ (T) f(-l) s (x) + G 3 0s+ „ (x) + (-l) s+1 G 3 (x)) 

W F s (x) V 7 

- Q p (Gl +n (x) + (-l) s+1 G 3 (x) + (-I)* Gl +V (x) Gl +n (x)) 



(145) 



V 



+ (-1) 



s+l (> 



F s {x) 



{G^s+rj ( x ) Gg s+JJ (x)J 



(7 + 2 

6 



+ 



/ (-l) s G3( 2 ;) + GL +r) ( a ;) + (-irGi +r) (x)+Gl s+t ,(x) \ 
{G v (x) + G 4s+V (x) + (-1) Gl s+7] (x)) 

F,(x) 



q + 3 
6 



+( 7 ) (G3(x) + (-iyGi +v (x)) + (-iy +1 ( 7 ) (%(x) 

\ W F s (x) \ 6 J F s (x) I 

G% (x) + (-l) s Gl s+V (x) + Gl s+V (x) \ /„_|_4\ 

+Q f ((-ir +i G3(x)-Gi s+)7 (x))+(-irQ^ g^ X ) J{ 6 J 



F s (x) 



+ (-1) S 



G 3 (x) + G 3 ,,,^ (x) 



<7 + 5 
6 



F s (x) 



F s (x) 



which includes as particular cases identities (j92|) and (|1 12|) . For example, if Go (x) = x, Gi (x) = x + 1, 
s = 1 and rj = 2, we have from (|145j) the following identity 



/ -f q + 1 
6 



E(-l) n+9 Gl n+2 (x) = 



n=0 



3x 5 + 2x 4 + x 3 \ fq + 2^ ^ 

Fix) \ + fe2 + 2 A 6 ; 
3x 9 + 3x 8 + 13x 7 + 19x 6 \ (q + 3 
38x 4 - 15x 3 + 22x 2 + 6x + 2 M 6 



+ 

+ (x + 2) 



3x 10 + 10x 9 + 24x 8 + 57x 7 
+68x 6 + 79x 5 + 82x 4 + 8x 3 
+32x 2 - 24x - 2 
x 7 + 3x 6 + 6x 5 + 20x 4 \'fq + 5 
-f33x 3 + 30x 2 + 30x + 11 
+ 6 



F(x) 
F{x) 



q + 4 
6 



F(x) 



G 



G 



F(x) 



F{x) 



2G 



In particular (with x = 1) we have 



s - 1 r^^-(-0/K , r) P +9i Cr) r --cr) F +i34 ^ 5 ) +^< +6 

Another numerical example from (|145[) is the following identity, valid for a,b € 

2_j ( a ^4n+3 + ^-^4n+3) 3 



n=0 



\3 I Q "h 1\ . /oc;i^,3 qnq^27 co7„^2 , okcj,3\ I + ^ 



(6 — a) ( ' + (251a 3 - 303a 2 b - 687ab 2 + 955b 3 , ( 

g + 3 
6 



-8 (1253a 3 - 816a 2 b - 5016ab 2 + 5470b 3 
- (20657a 3 + 51069a 2 b - 57837ab 2 - 155585b 3 



F 2 

g + 4 
6 



F-2 



+ (-811a 3 - 3345a 2 b - 3297ab 2 + 325b 3 ) (j g J + 8 (a + 2b) 3 + 6 

6 Further comments 

Expression (|4"Tj) can be written as 

n=0\ t=lj=0 V J \ m ;F 3 (x) / 

tk — 1 tk—m i / , i 1 \ / \ 

M-irTEEM™"; 1 W«>(T) ■ (146) 

m =l i=l j=o \ J / F,(x) V lK / F,{x) 

Similar formulas to (|146[) can be obtained by rewriting expressions ([57)l . (JHSJ) and ([7D1 . These formulas 
give us the sums of powers of Fibonacci or Lucas polynomials in terms of s-Fibopolynomials, if and only 
if the double summatory of the parenthesis of the left-hand side is equal to zero: these are precisely the 
conditions f4"3"1) . (|59")) , ([73"]) and (f74")l . However, when these conditions are not satisfied we can even have new 
interesting identities (or rediscoveries of identities of sections [3] and [4]) . This is the first part of what we want 
to do in this section. The second part is about some examples of identities obtained as derivatives of some 
of our previous results. 

Let us begin with (|146[) . If we set t = 2 and k = 1 in (|146|) . we obtain 

£ (F 2sn (x) - F 2s (x) (l + (-l) s+1 ) (?) ) = F 2s (x) ( q+1 ) , (147) 

n=Q \ K ' W F.(x)J V ^ J F s (x) 

In particular, if s is even, we have (|91[) . but if s is odd what we have is 

£ (F s (x) L sn (x) - 2F s[n _ 1) (x)) F sn (x) = F s(q+1} (x) F sq (x) . (148) 

n=0 

If we set t — 1 and k = 2 in (|146[) . we obtain 

Efew+^w(H) s+1 -i)f!) )=■*?(*) f*! 1 ) • (149) 

n=0 V \ Z J F s (x)J V ^ /*■„(*) 
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In particular, if s is odd we have (I88|) . but if s is even what we have is 

E (Ls (x) F sn (x) - 2F s{n _ 1) (x)) F sn (x) = F s{q+1) (x) F sq (x) . (150) 
If we set t — 1 and k = 3 in (|146j) . we obtain the identity 

5 ( F -- w + Sgff^f 1 ^ (I) F - ( -' w ^ w ) (151) 

Now let us consider some examples taken from ((57)) . If we set t = 2 and fe = 1 we get 

E ( (*) + (l + £2 (*) (fj ) (152) 

n=0 \ ^ ' F s (x)J 

- ('( i+ <-^)-^«)cr) w «cnw 

In particular, if s is even we have (|109[) . but if s is odd what we have is 

+21* (*)(?) ) =(4-L 2s (x))f' ? + 1 ) +2f 9 + 2 ) . (153) 

n=0 V \ l J F,(x)J V 2 /*•„(*) V 2 / F 5 (x) 

If we set t = 1 and fc = 2 in (|57l) . we obtain 

E f^L (*) - (6 + 2 (-l) s+1 ((-l) s+1 + 3) L 2s (*)) Q ) (154) 

n=0 \ \ / F s (x)J 



= (2(-ir +1 + 4-3X 2s (,))( 9 t 1 ) + 4(^ 2 ) . 
The case s = x = 1 of (|154p can be written as 

E + 4F n F n _x) - (4F g+2 - 3F q ) F q+1 . (155) 

n=0 

Now we consider some examples from (l69l) . The simplest case is when t = 1 and k — 2. We get 

E (*) + 1 + £ ( s ~(I) + p ™ 0=) F «c»-D = T^) Fsq {x) Fs{q+1) {x) ■ (156) 

The case s even of (|156[) is contained in (IM|) . If s is odd what we get is 

E (-1)" (L s (x) F sn (x) + 2F s{n _ 1) (x)) F sn (x) = (-1) 9 F sq (x) F s{q+1) (x) , (157) 

n=0 

or (by using that for s odd we have that L s (x) F sn (x) + 2F s r n _u (x) = F s (x) L sn (x)) 

i 

F s (x) E (-1)" F 2sn (x) = (-1) 9 F sq (x) F s{q+1) (x) , 



n=0 
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which is also contained in 

If we set t = 1 and fc = 3 in (|69l) we get 

£ C- 1 )""" I ^ W - ^^^^iV ^" W^(n-2) W ) (158) 

v Mx)(^ (a; ) + (-ir +i ) y 

Comparing with (|151j) we see that for r = 1, 2 we have the identity 

U r {n+q )( p3 , v , 2(-ir + '- +i ^(x) + (-ir +i -i ^ A 

W + 7 s+l\ Fs " W W ^(n-2) {*) 

n=o \ £ s (a;) (£? (x) + (-1) J / 

= F!(x)(i2(-lYL s (x) + (-ir)[ q+ 3 1 ) F (x) +( q+ 3 2 ) F{ V ( 159 ) 
Some particular cases of (|159l) when x = 1 are shown in the following table 





r = 1 


r = 2 












E(^+^-i^- 2 )f„ 


s = 1 


71 = 


-en- en. 




E ( F 'n + |F2(n-l)F a(n _ 2) ) F 2 „ 


E C^n ~ \ F 2(n-i)F 2 {n-2)) F 2 n 


s = 2 


n=0 


n=0 

=ca-ea 



Let us consider now some examples from identity (|70p . The case t — 2 and = 1 is 

£ ^ n+q (a) + ((-l) s+1 ~ l) (L 2s (x) + 2) Q ^ ^ J (160) 

Comparing with (|152[) . we conclude that for r = 1, 2 we have 

E(-l) r( ' l+9) ^ 2s „(-)+((-l) r + (-l) S+1 ) (i 2s (x) + 2(-l)^ +1 )) J ( 161 ) 

- ( ; V^ + (-)- + ')--«)cr),, w -cti, w 



Observe that the case r = s of (|161|) is (|109p . Two particular cases from (I16ip with x = 1 are the 
following: 

For r = 1 and s = 2 we have 

J2 ("I)" (i4n " 6i^2(„-l)) = (2^2(9+2) - 11*2,) F 3( , +1) . (162) 

For r — 2 and s = 1 we have 
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^ (L 2n + 2F n F n _ 1 ) = (F, + 2F 9+2 ) (163) 

n=0 

If we set t = 1 and k = 2 in (|70p we get 

^ (-1)" ( (*) - (3 + (-l) s ) (L 2s (x) + 2) (") j (164) 

n=0 V \ Z J F s (x)J 

= (-ir 1 (3L 2s (x) + 2(2+(-l) s ))( q + 1 ) +A{-lf( q + 2 



2 J F s (x) V 2 / p s ( x -) 



The case s = ar = 1 of (|164[) can be written as 

q 

(-1)" ^2n-3 = (-1)* (165) 

To end this work we want to present (in two propositions) some examples of identities obtained as 
derivatives of some of our previous results. We will use formulas (f38|) and (f39|) . 

Proposition 9 The following identities hold 

2Ls {x) J- (_1)(* +1 )" nF 2sn (x) (166) 

n=0 

= 2qF s{2q +i) (x) + F sq (x) L s{q+l) (x) - J^TX ( x + 4) F s{q +i) (x) F sq (x) . 

(-I) 89 2F S (x) (-!) S " nL 2sn (x) (167) 

n=0 

L s (x) 

= 2qF s(2q+1} (x) + F sq (x) L s(q+1) (x) - -^-yF s(g+1) (x) F sq (x) . 
Proof. We will use (jM]) . which contains two identities, namely 

(-l) (s+1)9 L s (x) J2 (-l) (s+1) " Fl n (x) = F s{q+1) (x) F sq (x) , (168) 

and 

i 

(-ir F s (x) ]T (-1) 8 " F 2sn (x) = F s{q+1) (x) F sq (x) . (169) 



n=0 
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First observe that 

d_ 

dx 



-T- (F s ( q +i) (x) F sq (x)) 



' F s( q +i) (x) (sqL sq (x) - xF sq (x)) + F sq (x) (s (q + 1) L s(q+1) (x) - xF s[q+l) (x))) 



x 2 + 4 

= x 2 +4 ( 2s Q F s(2q+i) 0) + sF sq (x) L s{q+1) (x) - 2xF s{q+1) (x) F sq (x)) , 

where we used that L sq (x) F a ( g+ x) (x) + F sq (x ) £ s ( g +i) (x) = 2F s ( 2q +i) (x). 
The derivative of the left-hand side of (j 168[) is 

U. (x) £ (-l) (s+1) " 2F sn (x) snL sn{x)~xF sn (x) + {x) ( _ 1)(s+ i)„ FL (x) N 

\ n=0 X n=0 J 

~ (-l) (S+1) "o r, I \ ( r* t \ 2xL s (x)^ 

„=o x + 4 V x 2 + 4 7 



= (-1)^ L s (x) 2 i^__ 2sni ^ (s) + s ^ s {x) _ f^Z ^ (-1)^ (x) 

\ n— ^ ' n=0 / 

= (-1)^ L s (x) £ { '^ n ^nF 2sn (x) + (sF s (x) - Z^(* + D (*) ^ (*) ■ 



n=0 

Then, the derivative of (|168[) is 

9 / ,N(s+l)ri 



(-1)^ L s (x) { % 2snF 2sn (x) + (sF s (x) - lT^+D (*) ^ (») 

1 

(2sgF s( 2 9+ i) (x) + sF sg (x) L s ( g+ i) (x) - 2xF s? (x) ifyg+i) (x)) , 



a: 2 + 4 

from where (|1 66[) follows. 

The derivative of the left-hand side of (|169[) is 



( 


1H 




+ 4 


( 




X 2 


+ 4 


( 


1) S9 


X 2 


+ 4 



F s (x) (2snL 2sn - xF 2sn (x)) + (sL s - xF s (x)) ^ (-l) sn F 2sn (a 

f i q \ 

F s (x) £ (-l) sn 2snL 2s „ + (si s - 2xF s (x)) £ (-l) s " F 2s „ (x) 



f s (x) j2 (-ir 2-i 2s „ + xffl ( !fa 

^ F s (x) (x 2 + 4) 



n=0 

Thus, the derivative of (|169l) is 



(g+i) 0) F s9 <» • 



&ti f * (x) e ( -ir 2-l 2s „ + ff-yffi .^) (*) ^ (*) 

(2sgF s ( 2 g+i) (x) + sF s , (x) L s ( g+ i) (x) - 2xF s(9+ i) (x) F sg (x)) , 



x 2 +4 

from where (|16T[) follows. ■ 

Proposition 10 The following identity holds 

(~l) sq F s (x) J2 nF 2sn (x) = (^T^^ (x) + gL s(29+1) (x)^j . (170) 
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Proof. Identity (|170|) is the derivative of (jllOl) . together with 

F a (x) £ s ( ?+ i) (x) - L s (x) F s(q+1) (x) = 2 F sq (x) , 

and 

(x 2 + 4) F sq (x) F s{q+1) (x) + L sq (x) L s{q+1) (x) = 2L s(2q+1 ) (x) . 
We leave the details of the calculations to the reader. ■ 
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